
Problem Set 6
Variational Method and Perturbation Theory

1. Derive expressions for the energy through zeroth-, first-, and second-order in perturbation
theory.

2. Apply the variational method to approximate solutions to the systems defined on the following
page.

(a) Report the energy of the lowest three states (the three smallest eigenvalues).

(b) Graph Φ∗1(x)Φ1(x), where Φ1(x) is the eigenvector corresponding to the lowest energy
state of the system.

(c) Graph Φ∗2(x)Φ2(x), where Φ2(x) is the eigenvector corresponding to the second lowest
energy state of the system.

(d) Graph Φ∗3(x)Φ3(x), where Φ3(x) is the eigenvector corresponding to the third lowest
energy state of the system.

3. Apply perturbation theory to each of the systems defined on the following page.

(a) Approximate the energy of the lowest three states using zeroth-order perturbation theory.

(b) Approximate the energy of the lowest three states using first-order perturbation theory.

(c) Approximate the energy of the lowest three states using second-order perturbation the-
ory.
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Below, you will find particle in a box Hamiltonians with modified potentials. Note: All values are
given in atomic units. α is given in Hartrees. The particle in the box is an electron (me = 1).

1. Symmetric double-well potential

V̂ = V (x) =


0 if 0 ≤ x < 4

α if 4 ≤ x ≤ 6

0 if 6 < x ≤ 10

∞ otherwise

α = 0.1, 1.0, 10.0

2. Asymmetric double-well potential

V̂ = V (x) =


0 if 0 ≤ x < 4

α if 4 ≤ x ≤ 6

0.5 if 6 < x ≤ 10

∞ otherwise

α = 1.0, 2.0, 10.0

3. Finite square-well potential

V̂ = V (x) =


0 if 0 ≤ x < 8

−α if 8 ≤ x ≤ 12

0 if 12 < x ≤ 20

∞ otherwise

α = 0.5, 2.0, 10.0

4. Linear potential

V̂ = V (x) =

{
αx if 0 ≤ x ≤ 10

∞ otherwise

α = 0.1, 1.0, 10.0

5. Harmonic potential

V̂ = V (x) =

{
α(x− 5)2 if 0 ≤ x ≤ 10

∞ otherwise

α = 0.5, 1.0, 2.0
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Some Potentially Useful Equations

Energy eigenfunctions: ψn(x) =

{√
2
L sin

(
nπx
L

)
, n = 1, 2, 3, . . . if 0 ≤ x ≤ L

0 otherwise

Energy eigenvalues: En = n2π2h̄2

2mL2 , n = 1, 2, 3, . . .

Expectation value: 〈Â〉 =
∫∞
−∞Ψ∗(x)ÂΨ(x)dx∫∞
−∞Ψ∗(x)Ψ(x)dx

Kinetic energy operator: T̂ = − h̄2

2m
d2

dx2

Hamiltonian operator: Ĥ = T̂ + V̂

Ket: |n〉 = Ψn(x)

Bra: 〈n| = Ψ∗n(x)

Bra-ket: 〈m|Â|n〉 =
∫∞
−∞Ψ∗m(x)ÂΨn(x)dx

Matrix form of an operator Amn = 〈Ψm|Â|Ψn〉 =
∫∞
−∞Ψ∗m(x)ÂΨn(x)dx

Perturbation energy expansion En = E
(0)
n + E

(1)
n + E

(2)
n + . . .

Zeroth-order energy E
(0)
n = 〈Φ(0)

n |Ĥ0|Φ(0)
n 〉

First-order energy E
(1)
n = 〈Φ(0)

n |Ĥ1|Φ(0)
n 〉

Second-order energy E
(2)
n = 〈Φ(0)

n |Ĥ1|Φ(1)
n 〉 =

∑
i,i 6=n

〈Φ(0)
n |Ĥ1|Φ(0)

i 〉〈Φ
(0)
i |Ĥ1|Φ(0)

n 〉
E

(0)
n −E

(0)
i

Variational theorem E0 ≤ 〈Φ|Ĥ|Φ〉〈Φ|Φ〉

Wavefunction expansion Φ = c1φ1(x) + c2φ2(x) + . . .+ cnφn(x)

Optimization of coefficients
∑

n〈φm|Ĥ|φn〉cn = E cm
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