
Problem Set 7
Harmonic Oscillator

1. For the quantum harmonic oscillator, prove that ψn(x) is an eigenfunction of the Hamiltonian
for the lowest few quantum numbers (n = 0, 1, 2, . . .). What is the corresponding eigenvalue?

2. Show that, ∆x̂∆p̂x ≥ h̄
2 , using the general uncertainty relation, ∆Â∆B̂ ≥ 1

2 |〈[Â, B̂]〉|, for the
ground state harmonic oscillator wavefunction, ψ0(x).

3. Show that the lowest few harmonic oscillator energy eigenfunctions are orthonormal.

4. Determine the matrix elements of the position operator in a basis of the lowest few harmonic
oscillator wavefunctions. Xij = 〈ψi|x̂|ψj〉

5. Determine the matrix elements of the square of the position operator in a basis of the lowest
few harmonic oscillator wavefunctions. Yij = 〈ψi|x̂2|ψj〉

6. Determine the matrix elements of the momentum operator in a basis of the lowest few har-
monic oscillator wavefunctions. Pij = 〈ψi|p̂x|ψj〉

7. Determine the matrix elements of the square of the momentum operator in a basis of the
lowest few harmonic oscillator wavefunctions. Qij = 〈ψi|p̂2

x|ψj〉

8. Determine the matrix elements of the Hamiltonian (total energy) operator in a basis of the
lowest few harmonic oscillator wavefunctions. Hij = 〈ψi|Ĥ|ψj〉
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Some Potentially Useful Equations

Energy eigenfunctions: ψn = AnHn(a1/2x)e−ax
2/2, n = 0, 1, 2 . . .

a =
√
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h̄2

An = 1√
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)1/4
Energy eigenvalues: En = (n+ 1

2)h̄
√

k
m

Expectation value: 〈Â〉 =
∫∞
−∞ ψ∗(x)Âψ(x)dx∫∞
−∞ ψ∗(x)ψ(x)dx

Position operator: x̂ = x

Momentum operator: p̂x = −ih̄ d
dx

Kinetic energy operator: T̂ = − h̄2

2m
d2

dx2

Potential energy operator: V̂ = V (x) = 1
2kx
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Hamiltonian operator: Ĥ = T̂ + V̂

Matrix form of an operator Amn = 〈Ψm|Â|Ψn〉 =
∫∞
−∞Ψ∗m(x)ÂΨn(x)dx

Commutator: [Â, B̂] = ÂB̂ − B̂Â

Root-mean-square deviation: ∆Â =

√
〈Â2〉 − 〈Â〉2

Heisenberg uncertainty principle ∆A∆B ≥ 1
2 |〈[Â, B̂]〉|

Hermite polynomials

H0(z) = 1

H1(z) = 2z

H2(z) = 4z2 − 2

H3(z) = 8z3 − 12z

H4(z) = 16z4 − 48z2 + 12

H5(z) = 32z5 − 160z3 + 120z
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