
Problem Set 8
Free Particle, Particle on a Ring, Particle on a Sphere,

and Angular Momentum

1. The general solution to the free particle is one dimension is:

ψ(x) = Aeikx +Be−ikx.

(a) Is ψ(x) an eigenfunction of the momentum operator when A = 1 and B = 0? What is
its eigenvalue?

(b) Is ψ(x) an eigenfunction of the momentum operator when A = 0 and B = 1? What is
its eigenvalue?

2. An alternative form of ψ(x) is

ψ(x) = Ccos(kx) +Dsin(kx).

Show that these two forms of ψ(x) are equivalent by writing the constants, C and D in terms
of A and B. Hint: Use Euler’s formula to expand the exponentials.

3. Show that the ψml
wavefunctions are eigenfunctions of the particle on a ring Hamiltonian.

4. Show that the ψml
wavefunctions are orthonormal.

5. Show that the ψl,ml
wavefunctions are eigenfunctions of the particle on a sphere Hamiltonian.

6. Show that the ψl,ml
wavefunctions are orthonormal.

7. Evaluate all pairs of commutators between L̂x, L̂y, L̂z, L̂
2, L̂+ and L̂−. Here, L̂+ = L̂x + iL̂y

and L̂− = L̂x − iL̂y.

8. Rewrite L̂2 using L̂+ and L̂− in place of L̂x and L̂y.

9. Evaluate the expectation value of the L̂z amd L̂2
z angular momentum operators for the particle

on a ring energy eigenfunctions.

10. Evaluate the expectation value of these angular momentum operators (L̂x, L̂y, L̂z, L̂
2, L̂+

and L̂−) for particle on a sphere energy eigenfunctions, ψl,ml
.
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Some Potentially Useful Equations

Angular momentum operators

L̂x = −ih̄
(
y ∂
∂z − z

∂
∂y

)
= −ih̄

(
−sin φ ∂

∂θ − cot θ cos φ ∂
∂φ

)
L̂y = −ih̄

(
z ∂
∂x − x

∂
∂z

)
= −ih̄

(
cos φ ∂

∂θ − cot θ sin φ ∂
∂φ

)
L̂z = −ih̄

(
x ∂
∂y − y

∂
∂x

)
= −ih̄

(
∂
∂φ

)
L̂2 = L̂2

x + L̂2
y + L̂2

z

Polar Coordinates

x = r cos φ

y = r sin φ∫∞
x=−∞

∫∞
y=−∞ f(x, y) dx dy ≡

∫ 2π
φ=0

∫∞
r=0 f(r, φ) r dr dφ

Spherical Polar Coordinates

x = r sin θ cos φ

y = r sin θ sin φ

z = r cos θ∫∞
x=−∞

∫∞
y=−∞

∫∞
z=−∞ f(x, y, z) dx dy dz ≡

∫ 2π
φ=0

∫ π
θ=0

∫∞
r=0 f(r, θ, φ) sin θ r2 dr dθ dφ

Free Particle

Ĥ = − h̄2

2m
∂2

∂x2

ψk(x) = eikx, k = −∞ . . .∞
Particle on a Ring

Ĥ = − h̄2

2mR2
∂2

∂φ2

ψml
(φ) = 1√

2π
eimlφ, ml = 0,±1,±2, . . .

Eml
=

m2
l h̄

2

2mR2

Particle on a Sphere

Ĥ = − h̄2

2mR2 Λ2

Λ2 = 1
sin2θ

∂2

∂φ2
+ 1

sin θ
∂
∂θ sin θ ∂

∂θ

ψl,ml
(θ, φ) = Yl,ml

(θ, φ), l = 0, 1, 2 . . . ml = −l, . . . , 0, . . . , l

El,ml
= l(l + 1) h̄2

2mR2

Y0,0 = 1
2π
−1/2

Y1,0 =
(

3
4π

)1/2
cos θ

Y1,±1 = ∓
(

3
8π

)1/2
sin θ e±iφ

Y2,0 =
(

5
16π

)1/2
(3cos2θ − 1)

Y2,±1 = ∓
(

15
8π

)1/2
cos θ sin θ e±iφ

Y2,±2 =
(

15
32π

)1/2
sin2θ e±2iφ
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