
Problem Set 12
Spin Operators and Spin Functions

1. Evaluate all pairs of commuators between: Ŝx, Ŝy, Ŝz, Ŝ+, Ŝ−, and Ŝ2.

2. Evaluate the action of Ŝ2 on all possible products of |α〉 and |β〉 spin functions (for one, two
and three electron functions).

3. Construct all unique eigenfunctions of the total spin operator, Ŝ2, as linear combinations of
products of the |α〉 and |β〉 spin functions (for one, two and three electron functions).

4. Construct matrix representations of the spin operators in a basis of products of spin functions
(for one, two and three electron functions).

5. Using a matrix representation of the spin functions and spin operators, repeat part 3.

6. Construct matrix representations of the spin operators in the basis of eigenfunctions of the
total spin operator obtained in part 5.

7. Check the commutation relations obtained in part 1 with the commutators of the of the
matrix representation of the operators obtained in part 4 (for one, two and three electron
functions).

8. For extra practice, repeat parts 2 through 7 for cases with four or more electrons.
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Some Potentially Useful Equations

〈α|α〉 = 〈β|β〉 = 1 〈α|β〉 = 〈β|α〉 = 0

Ŝx|α〉 = h̄
2 |β〉 Ŝx|β〉 = h̄

2 |α〉

Ŝy|α〉 = ih̄
2 |β〉 Ŝy|β〉 = − ih̄

2 |α〉

Ŝz|α〉 = h̄
2 |α〉 Ŝz|β〉 = − h̄

2 |β〉

Ŝ+ = Ŝx + iŜy Ŝ− = Ŝx − iŜy
Ŝ+|α〉 = 0 Ŝ+|β〉 = h̄|α〉

Ŝ−|α〉 = h̄|β〉 Ŝ−|β〉 = 0

[Ŝx, Ŝy] = ih̄Ŝz [Ŝy, Ŝz] = ih̄Ŝx

[Ŝz, Ŝx] = ih̄Ŝy

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z = Ŝ+Ŝ− − h̄Ŝz + Ŝ2

z = Ŝ−Ŝ+ + h̄Ŝz + Ŝ2
z
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