
Problem Set 13
Many-Electron Wavefunctions

Consider a set of two orthonormal spatial orbitals: {φ1(r1), φ2(r1)}.

1. Write down the spin orbitals that can be constructed from these spatial orbitals.

2. How many Slater determinants can be formed that include two electrons and are eigenfunc-
tions of Ŝz with an eigenvalue of 0. Write down each of these determinants.

3. Form all unique configuration state functions (CSFs) as linear combinations of those Slater
determinants. What are the eigenvalues of Ŝ2 for each of these CSFs?

4. Evaluate the expectation value of the Hamiltonian for each Slater determinant.

5. Evaluate the expectation value of the Hamiltonian for each CSF.

6. Construct a matrix representation of the Hamiltonian in the basis of Slater determinants.

7. Construct a matrix representation of the Hamiltonian in the basis of CSFs.

8. What other Slater determinants can be formed from these spin orbitals? (That is, those with
Ŝz eigenvalues different from 0.) Repeat parts 3-7 for each set of Slater determinants sharing
the same Ŝz eigenvalue.

For additional practice, repeat for a set of three orthonormal spatial orbitals, {φ1(r1), φ2(r1), φ3(r1)},
with three electrons and a set of four orthonormal spatial orbitals, {φ1(r1), φ2(r1), φ3(r1), φ4(r1)},
with four electrons. (Note that for the three electron case you should initially consider Slater
determinants with Ŝz eigenvalues of h̄/2.)
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Some Potentially Useful Equations
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φi(r1)σ(ω1) φj(r1)σ(ω1) · · · φk(r1)σ(ω1)
φi(r2)σ(ω2) φj(r2)σ(ω2) · · · φk(r2)σ(ω2)

...
...

. . .
...

φi(rN )σ(ωN ) φj(rN )σ(ωN ) · · · φk(rN )σ(ωN )
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σ(ω) =

{
α(ω)

β(ω)

〈α|α〉 = 〈β|β〉 = 1 〈α|β〉 = 〈β|α〉 = 0

Ŝx|α〉 = h̄
2 |β〉 Ŝx|β〉 = h̄

2 |α〉

Ŝy|α〉 = ih̄
2 |β〉 Ŝy|β〉 = − ih̄

2 |α〉

Ŝz|α〉 = h̄
2 |α〉 Ŝz|β〉 = − h̄

2 |β〉

Ŝ+ = Ŝx + iŜy Ŝ− = Ŝx − iŜy
Ŝ+|α〉 = 0 Ŝ+|β〉 = h̄|α〉

Ŝ−|α〉 = h̄|β〉 Ŝ−|β〉 = 0

[Ŝx, Ŝy] = ih̄Ŝz [Ŝy, Ŝz] = ih̄Ŝx

[Ŝz, Ŝx] = ih̄Ŝy

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z = Ŝ+Ŝ− − h̄Ŝz + Ŝ2

z = Ŝ−Ŝ+ + h̄Ŝz + Ŝ2
z
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